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XopoLio u3BecCTHble
rpacgoBbie aZirOPpUTMbI

6.1. BBegeHue

Ectb anropurmbl Ha rpadax, KOTOpbie BCTPEYAIOTCs B Pas-
JIMYHBIX TPHJIOKEHHUSAX HACTOJIBKO 4aCTo, YTO 3HATh O HUX
BBI I1POCTO 00s3aHbl. MHOIHE M3 HUX NPEACTABIAIOT CO-
60i1 pasanyHblie criocodbl COPTUPOBKHM rpacha WiIn Mouc-
Ka nojarpada ¢ onpepeseHHbsIM cBoiicTBoM. [lonumanune
OTHOCHUTEJIbHBIX NPEUMYHIECTB 3THX (PyHAaMEeHTAIbHbIX
aﬂf'f]pHTMUE — KJIIOY K ﬂ[lpﬂﬂEﬂEHHI‘U‘, KOI'/lda UCITOJIL30BATH
KasK/[blil U3 HUX B IPAKTHYECKHUX MIPUIOKEHHSIX.

ITa riaBa HAYMHAETCH C ONMMCAHUS AJTOPUTMOB ITOMC-
ka B mupuny (Breadth-First Search, BFS) u B rny6u-
Hy (Depth-First Search, DFS), kotopsie npespamaior
IPOM3BOJIbHBII rpad B iepeBo noucka. B obonx cayuasx
Mbl HazHayaeM O/IHY M3 BepuiuH rpada KopHeMm jiepesa
U PEeKYPCHUBHO HccieyeM pebpa Kax/10i BepUIMHBI, 0K
Bce BepuinHbl rpada’ He OyayT 100aBAEHBI B OCTOBHOE

' To ectp mobas BepuIHHA, KOTOPOI MOJKHO J0CTHYD, EPeXo/is
no pebpaMm OT KOpHS; B cJyuae CBA3HOro rpacda ato GyayT Bee
BEPIIIHHLIL.
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nepeso'. PaccMoTpuM, /17181 KAKUX THITOB ITPUJIOKEHUIT T10-
Jie3eH KasK/iblii BU/L JiepeBa MOMCKa, a 3aTeM nepeiiieM K 1o-
UCKY KpaT4alIux MmyTe.

[Ipu ananuse BpeMeHH BbINOJHEHUs] aJIFOPUTMOB Ha Ipa-
(hax 0OBIYHO MCTIIOAB3YIOTCA JIBE CHCTEMbI 0003HAUEHMI.
Onna u3 HUX — 9T0 0003HAYEHHE YHUC/Ia BepinH OYKBOIi 1,
a uncsa pebep — O6ykBoii m. /lpyras — ykasatb pa3mepsl
MHOJKECTB BEPIIHH U pedep.

Jlst rpacpa G muokecTBo BepuinH obo3nauaercsi kKak V(G)
[unTaercs «sepuinnbl G» ), a MHOKecTBO pebep — Kak E(G)
(uuraercs «pebpa G»), noatomy n = |V(G)|,am = |E(G)|.

MartemaTuueckoe npegynpexpaeHume

Hanomuio, 4To B MaTemMaTHKe 3aKJil04eHHe 3HAYECHUH
B NpsiMble CKOOKH o3Ha4aeT nojydenue abCoMOTHOTO
3HAYEHUs WK PasMepa; 3/1eCh 9TO O3HAYAET PasMep MHO-
KectBa, noatomy |V(G)| MokHO npoyutaTh Kak <pasmep
mHoxectsa Bepunn G». Ecau G nojgpasymesaercs 1o
YMOJIYAHHIO, TO MOKHO 00palmaThes K MHOKECTBAM 11po-
cto Kak Vu E.

6.2. lNouck B LWUMPUHY

[Tpu noncke B IMPUHY MBI CHaYajla HCCIE/lyeM BCe Bep-
IIMHBI, KOTOPBIE IPUMBIKAIOT K KOPHIO; 3aTeM HCCJe/lyeM

' OctoBHoe aepeBo rpaa — 3To JepeBo, KOTOPOE COJAEPKHT BCE
BepIIHHEBI rpada.
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BCE€ BEPIIHHBI, CMEKHBIC C COCE/IIMH KOPHSI, KOTOPBIE e11e
He ObLTH MCCe0BaHbl, U T. /1. TakuM 0O6pa3oM, BHaYase Mbl
HCCJIe/IVeM BCe BePIIHHbBI, KOTOPbIE HAXO/ISTCS HA PacCTOsI-
HUM k 0T KOpHsi (KOTOpBIi 00b14HO 0003HaYaeTcst OYKBOI S,
OT CJIOBA SOUrce — «UCTOYHUK» ), ¥ JIMILb 3aTEM [1€PEX0UM
K BeplIMHAM Ha paccTosuuu k + 1.

Korsa anropurm 3aBepmaet paboty, rayOuHa Kax10-
ro y3Jja jiepeBa — 3TO MHHHMAaJIbHOE KOJIN4ecTBO pebep
(TO ecTb TTMHA KpaTyaiero nyTu ), 1o KOTOPOMY MOKHO
nobpaTthes 10 3TOroO y3/a U3 § Kak B jlepeBe, TaK U B UC-
xo/HoM rpade. YroObl HaliTH 3TOT NYyTh, HYKHO WITH 110
yKa3aTesisiM Ha POJAUTEIbCKHE V3Jibl, II0Ka He OyjeT j1o0-
CTUTHYT Y3€I1 §.

KakoBo BpeMsi BbITOJIHEHU MOHCKa B upuuy? [Ipu nun-
IHATH3AINH JUI KaK/10H BEPIIMHbBI HHUIIMATU3HUPYIOTCS
TPH YIOMSIHYTBIX BBbIIIIE CBOICTBA, YTO 3aHUMAET MOCTO-
STHHOE BpeMsl JUIsl KaK/10il BepiiuHbl, B cymMme O(n). 3a-
TeM Kak/ias BepuinHa 100aBiasercs B 0Uepe/ib, yaiseTcs
u3 ouepesu, U Kax/a0e U3 CBOMCTB uaMeHsiercsi He ODosiee
OJIHOIO pa3a — Kakjas u3 3Tux onepauuii 3anumaet O(1)
BPEMEHHM, TAK UTO /U151 BCeX BepIIMH cHOBa nosyyaem O(n).
Hakoner, bl nepebupaem Beex cocejieit Kaxaoii Bepiim-
Hbl, YTOObI IPOBEPUTDH, OTMEYEHbI JIN OHH, YTO 3aHHMAET
eme O(m) Bpemenu (anroput™ 4). B cymme nonyuaem o6-
uiee Bpems BoinosiHeHust O(n + m).

Jlnst xpanenus rpada tpebyercst n + m mecTa B naMsTH,
a ouepeab 3anumaer O(n) MecTa, HO3TOMY B CyMMe Tpe-
Oyercsi npoctpancTBo obbemom O(n + m). ITO TakKe
03HAYAET, YTO AJITOPUTM IOUCKA B IMPHHY paboTaer 3a
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JHHEITHOEe BpeMs 110 OTHOIIEHHIO K Pa3Mepy BXO/HBIX
JMAHHBIX (KOTOPBIH paBeH n + m).

AnroputM™ 4. llouck B umpuny

Bxoaubie laHHbIe: ITPON3BOJLHBIH IPad), KOpHEM KOTOPOTO
BbIOpaHa O/IHA BEPLIMHA, U BCE BEPIIHMHBI HMEIOT
TaKHe CBOMCTBA:

e distance (paccrosinne) — M3HAYAJILHO PABHO
OECKOHEYHOCTH;

e parent (poanTeb) — N3HAYATBHO PABHO HYJIIO;

* marked (momevena) — u3HavaapHO paBHoO false.

Bbixoabie qaHubie: 0cTOBHOE JiepeBo rpada, Kaxk/1as

BEPIIHHA KOTOPOrO MaKCHMa/IbHO NPHO/IIKeHa K KOPHIO
begin

Nunumnanusuposars ovepeab Q

3anars s.distance = 0

[TomeTnTs S

JloGaBuTh B 04epe/ib

while Q ne nycras do

YnamnTh U3 oyepesn u

foreach sepmmna v & Adj(u) do

if v.marked then
POIOJIKHTh

end

3anare v.parent = u

3axatp v.distance = u.distance + 1

[lomeTuTb V

JlobasuTh B 0uepeb v

end

end

end
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6.3. lpuMeHeHne noucka
B LUMPUHY

Kak nokasano pasee, NOMCK B HIMPHHY 103BOJISIET HANTH
JJIMHY KPaTyaliiero nyTu OT UCXO/IHOM BEPIIMHBI § JI0
a000it apyroil BepuinHbl rpada 3a auHeiiHoe Bpems. 3a-
TEM Mbl MOXKEM HAHTH caM [y Th, CJIeys 110 POAUTEILCKUM
yKa3aTeJIsiM OT MCXO/IHOTO y3J1a /10 KOPHA /1epeBa, 3a Bpe-
Msl, IPONOPUHOHAJBHOE JUIMHE NYTH. JTO 03HAYAET, YTO
AJITOPUTM MOMCKA B LIMPUHY TOJI€3€H JUIS1 BCeX 3ajlay, rie
HY’K€H MOUCK Kparyaiimux nyreit. BoT HeckoabKo npu-
MEPOB TaKUX 3a/1a4.

6.3.1. HaBuraymoHHble CUCTEMBI

PacemoTpum 3a/1auy noCTpoeHUsi MapUIPyTOB € TTOMOILbIO
GPS. Ecau kaprorpaduyeckas cucrema XpaHuT JlaHHbIe
0 JIOKaJIbHOIT 00s1acTi B BUjte rpada, BepiuinHaMu KOTOporo
SABJSIOTCS ajpeca (Wu nepeceyenust ), a pedpamMu — yJIMILbl
(nn, ToYHee, KOPOTKHE OTPE3KH YJIHLL), TO OHA MOJKET Bbl-
HOJIHATH MOUCK B LIMPUHY /151 IepeBa, HCTOYHUK KOTOPO-
ro — Ballle TeKyuee MecToroJ0KeHue,

6.3.2. lNposepka, ssnserca v rpad
ABYAOSbHbIM

[Tpu 3anycke noucka B NIMPHHY, €CJIH CyllecTByeT pedpo
MEK/Y JaHHOH BEePUIMHOH U YK€ OTMe4eHHOI BepIIHHOI,
paccTosiHite KoTopoii inbo Takoe ke, 1mbo MeHblIe B cTere-
HH 2, 3TUM JIBYM BepiiHHaM Oy/1eT IPUCBOEH OJIMH U TOT K€
uBet u rpac He Gyaer aByposabHBIM. Kpome Toro, pe6po
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BMECTE € O/IHUM WJIH HECKOJbKUMHU NMYTAMU K HAUMEHb-
eMy 001IeMy NPEAKY ABYX BEPIIHH SBJISICTCS HEYETHBIM
LHKJIOM, KOTOPBIi Oy/ieT NpU3HAKOM TOTO, 4TO rpad He JBY-
noabHblit'. /IBy1onbHbIe rpadbl UCIIONB3YIOTCS B TEOPHU
kopupoBanus?, B cerax llerpu’, B ananuse coumanbHbix
cereil ¥ 00/1auHbIX BBIYUCICHHUSX.

6.4. MNouck B rnybuHy

Kak u 1ipu noucke B HIMPHUHY, [IPU MOUCKE B IIIYOUHY MbI
HAYMHAEM C UCXO/IHOMH BePIINHBI U PEKYPCHBHO MTPOXO UM
octanbHyio yacth rpada (anropurm 5). Ho tosnbko Tenepsb
MBI [TPOJIBUTAEMCS HACTOJILKO I/IYOOKO, HACKOJIBKO MOJKEM,
10 OJTHOMY IYTH U TOJILKO IIOTOM UCCJIeIyeM JIPyrue My TH.

[IpeacraBbre, yTo Bbl H3y4YaeTe codak. CTyIeHT, HCTIOb3Y-
IOIIHIT AJITOPUTM [MOMCKA B IIMPUHY, MOXKET HaYaTh ¢ U3y4e-
HHS1 Ha3BaHUM BCEX MOPOJ — OT aBCTPAIMHCKON KOPOTKO-
XBOCTOM MACTY1ILEIT cO0aKH /10 AMOHCKOrO HINUIA — U JIUIIh
OTOM yriiyOuThCs B Jletanu. TOT XKe, KTO NCIOJIb3YeT MOUCK
B IJIyOHHY, HAUHET ¢ aBCTPAIMIICKOI KOPOTKOXBOCTOI, KOTO-
past SIBJISIeTCS NACTYIILEH MOPOI0i, MOITOMY OH IPOYHTACT
BCE 0 NacTyibuX cobaKax, 4To NPUBEACT €ro K YTeHHIO

' Ceprudukar — 3T0 JIOKa3aTeJIbLCTBO TOT0, YTO OTBET, BO3Bpalla-
eMBliT IIPOrPaMMOoii, SIBJII€TCA MPAaBHIBHBIM; 10pobHee 06 9TOM
BBl MIpouMTaeTe B riase 19.

*  Teopusa KoaupoBaHHA H3y4aeT, B HaCTHOCTH, KpUNTOrpadHio,
CIKaTHe JIaHHbIX U UCTpaBieHne ounboK.

4 Cetn HETPH HCHOJb3VIOTCAH JL/IA MOJECJTIHPOBAHHA IMOBEAEHHA
CHCTEM.
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0 CTajlax, 3TO, B CBOKO OYepeib, — K HCTOPHH O JIOMAITHUX
’KMBOTHBIX, YTO NMPHUBE/ET K... B 001ieM, 1aeio Bbl MOHSLIMN.
Ecsn obnacTh moMcKa CAMIIKOM BeJIUKa WK Jaxe Oecko-
HEeYHa, MOJKET HCII0/Ib30BaThCsl MOAM(DUIMPOBAHHAS] BEPCHS]
HOMCKa B ryOuHy, KoTopas paboTaeT TOJAbKO /10 YKa3aHHOM
r1yOUHBI.

Asroput™m 3. Tlouck B rayouny

Bxoauslie nanusie: npou3BoJibHbIH rpad), v Kax/10i BeplinHbI
KOTOpOTo ecTh coiicTBa distance (paccrosinme) (M3HavaabHO
pasuo Hya0) u marked (nomevena) (n3navaabHO MMeEET
3HaveHwue false), a Takke McXo/(HaA BepIIMHA S

Beixouble faHHble: OCTOBHOE JepeBo rpada

begin

NMunumnanusuposats cTek S

S.Push(s)

while S ne nveroii do

u = S.Pop(s)

if u.marked then

‘ MPOIOJNKHTh

end

[TomeTnTn u

foreach sepmnna v € Adj(u) do

if v.marked then

‘ MPOIOTIKNTh

end

3ajaath v.parent = u

S.Push(v)

end

end

end
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MpakTnyeckoe npuMeHeHne

HeaasHo MeHst NONPOCHIM IOMOYb PELINTD 33/1a4y IUIaHU-
posanusi. BbL10 HeckobKO 3a1aHuil, KoTopble TpedoBaIOCh
BBIIOJIHUTD, CO CJeYIOUHMH OrPaH HYeHUSAMU:

* HM OJIHO 33/laHK1e HeJb3d Ha4yaTb PaHblile onpele/IeHHO-
ro BpeMeHu;

* KaxK/10e 3a/laHne UMeeT MaKCUMA/IbHOE BPeMsi BbII0J1-
HEeHUH;

* y 3a/ianusi MoxkeT ObiTh HOJIb WK OoJiee 3aj1aHmii, OT
KOTOPBIX OHO 3aBHCHT, M HOJIb WK DoJiee 3ajlaHuii, Ko-
TOPBIE 3aBUCAT OT HETrO; BRINIOJHEHNE 3a/laHus HeJlb3A
HAYaTh, MOKA He OVAYT BLINOJHEHBI BCE 3a/laHus, OT
KOTOpbIX 0HO 3aBucuT. Hlukinyeckux sasucumoctrei
Het (10atoMy 310 oprpad) YacTHYHO YIIOPAA0YEHHOTO
MHOKeCTBa);

* Ha BHINOJIHEHNE BeexX 3ajlaHuii MoxeT yilTH He OoJee
24 yacos.

[Touck kpartyaiiuiero nyTu — pacnpocTpaHeHHas 3a/1a4a,
HO B JIAHHOM cJiyyae Mbl (paKTHYeCKH XOTeJIH HallTH ca-
MBI JUIMHHBIA MYTh /U8 Ka)K/I0M 3a/1a4H, YTO U CJIeJIajH,
UCIO0JIb3Y$ST MOIM(DHKAIIMIO aITOPUTMA MTOMCKA B IJIyOHHY,
JTO NO3BOJINJIO HAM NOCTPOUTDH TAKOH IOPSIZIOK BBINOJ-
HEHUs 3a/laHuil, KOTOPBIH rapaHTUPOBAJ, YTO BO BpeMs
BbINIOJIHEH U J1I000T0 3a/1aHKs BCe MPEJIKH ITOT0 3a/laHus
B rpade 3aBUCHMOCTeil yiKe ObLIM BbIIIOJHEHD, TAK YTO
caMoe JUUINTeJIbHOEe BPeMs BbIIOJHEHUs 3a4aHus ObLIO
PaBHO CYyMME CaMOro MO3/HEero BpeMeHu, TpedyeMoro Jusi
BLINOJIHEHUs 1100010 U3 poauTe/ieil JaHHOTO 3a/laHus,
M KOJIMYEeCTBa BPEMEHM, OTBEJICHHOTO JUISI CAaMOT0 3a/laHusl.
[ToBTOpHOE BBHINOJIHEHHE AITOPUTMA B 00paTHOM NOPsIIKe
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IMMO3BOJIMJIO BBIABHUTDL BCE 1IEITOYKH 3aBUCH MﬂﬂT‘E‘ﬁ, KOTOPbBIC
6}",[[}’T BBINTOJIHATDHCA IMOCJIC BbIACJICHHOIO BPEMEHH, 4YTO
INO3BOJINJIO BLIACHHUTDL, KaKHE 3a/la4H HEDGXUI{HMD OIITH-
MH3HPOBATD.

6.5. Kpatyavwme nytu

PaccMOTpHM 3aj1auy HAHCKOPEHILEro nepeMeiienuns us3
o/tHOrO MecTa B jipyroe. B teopun rpados 1o 3a1aua kpart-
yaifiero MyTH: HAlTH MapUIPYT MEK/AY JABYMS BepUIMHa-
MM, MMEIOIIMiT HanMeHbIuit Bec. B HeB3semennom rpade
9TO MPOCTO MYTh ¢ HAUMEHBIINUM KOJIHYECTBOM pebep; BO
B3BEIICHHOM rpade 3TO MyTh ¢ HAMMEHBIITHM CYMMapHbIM
BecoM pebep.

Pacemotpum Bapuatium aToi 3aj1aum.

® Kparvaiimmii nyts u3 oaHoii Bepumnbl. Haiitn xpat-
YalIHil YyTh OT MCXO/IHOTO Y3J1a KO BCEM OCTaJIbHBIM
y3aaMm rpada. [Ipumep: y3Harps KpaTyailiivi 1yTh OT
MOKAPHOI YaCTH JI0 KaK/101 TOYKH ropojia.

® Kparyaiimuii nyTh B 3a/1aHHBbIH NYHKT Ha3HAaY€HHUH.
Haiitu kpatuaitimmii nyTh OT Kax;jioro ysiaa rpada o
JIAHHOM TOYKH Ha3HAYeHUsl. JTO MPOCTO 3a/1a4a [ONCKa
KpaTyaiiiero nyTH U3 OAHOM BepPIINHBL, JUIS1 KOTOPOH
HalpaB/ieHue Beex pebep H3MeHEeHO Ha IIPOTHBOIIOJIONK-
Hoe. Hannpumep, Mbl MOJKEM 3aX0TeTh Y3HATh KpaTJaii-
Ui myTh 0 00JIbHUILI U3 J11000i TOUKM rOpo/ia.

¢ Kpartuaiimmii nyTh MeX/1y BCEMH NapaMH BEPIIHH.
Haiitn kparyaitimmii myTb MEK/y BCEMH l1apaMu y3JI0B
rpacpa. B upeane nam GPS emoxker noctpouts Hanyy-
LML MapIpyT U3 J1000ii TOYKN B JIIOOYIO TOUKY.
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6.5.1. Anroput™ [lemMKkcTpbl

AnroputMm JleitkeTpol' H3HAYAIBHO OIPEAECIs KpaTJaii-
LI DY Th MEXY ABYMS y3JiaMmu rpada, Ho ObL1 paciuiupes
TakuM 00pasoM, YTO Tenepb OH pellaeT 3ajady MoucKa
KpaT4yaiilliero 1nyTy U3 OjiHOil BepiunHbl (aroputM 6). Jtor
AJITOPUTM NIPUMEHUM K JiI000MYy B3BelieHHOMY rpady (Ha-
[IOMHIO, YTO HEB3BELIEHHDII rpad) — 9TO IIPOCTO B3BellIeH-
Hbli rpad), y KOTOporo Bec Kaxoro pedbpa pasen 1), y ko-
TOPOro Bce pebpa MMEI0T HeOTPHIlaTeIbHbII Bec.

Aaroput™ 6. Anroput™m JlefikeTpsl

Bxoanbie nannsbie: rpad G m ucxoaHas BepuivHa s

Boixombie JaHHbie: paccTosHue OT § J10 J000ro Apyroro
yana rpaga G

HuBapuanTioe: S — MHOKECTBO Y3JI0B, /LIS KOTOPBIX
ornpe/ie/IeHbl KpaTyaiiime nyTH

begin

NHUINaAM3MpoBaTh MHOKECTBO BEPHIHH S HYJIeM

Munimannsuposarb ouepe/ib ¢ npuoputetramu Q

U [IOMEeCTUTDb B Hee Bce Bepintbl G

while Q ne nycras do

u = Q.ExtractMin()

S=§ U {u)

foreach sepmnna v € Adj(u) do
Relax(u, v, w)

end

end
end

' www-m3.ma.tum.de/twiki/pub/MN0506 /WebHome /dijkstra.pdf.



